Rules for integrands involving exponentials of inverse tangents

1 ju enArcTan[ax] dx

1. XM @nArcTan[ax] g4

1: Jxm enArcTan[ax] dx when ir;—l ez

Derivation: Algebraic simplification

in+l

Basis: e"ArcTan(z] __ (1-i7) =

(1+12) 2 1+2z2

Rule: If % € Z,then

in+l
XM @nArcTan[ax] g _ XM (1_#ix) 2 dx
(1+iax) 2z Vi1+aZx?

Program code:

Int[E~(n_xArcTan[a_.*x_]) ,x_Symbol] :=
Int[ ((1-I*a*x)™((I*n+1)/2)/ ((1+Ixaxx)"((Ixn-1)/2)*Sqrt[l+a”2xx"2])),x] /;
FreeQ[a,x] && IntegerQ[ (Ixn-1)/2]

Int[x_~m_.+E~(n_xArcTan[a_.*x_]),x_Symbol] :=
Int [x*mx ((1-Ixa*x) " ((Ixn+1) /2)/ ((1+Ixa*x)~((Ixn-1)/2) *Sqrt[1+a*2xx"21)),x] /;
FreeQ[{a,m},x] && IntegerQ[ (Ixn-1)/2]

2: Xm enAr‘cTan[ax] dx when nr;—l ¢z

Derivation: Algebraic simplification

Basis: enArcTan(z] __ (1-i z)in/2

(1+iz)*"/2

Rule: If % ¢ Z,then



Rules for integrands involving exponentials of inverse tangents and cotangents

J\m nArcTan[aX] dx — X (1 1ax) z d]X

(1+]].aX) 2

Program code:

Int[E~(n_.*ArcTan[a_.*Xx_]) ,x_Symbol] :=
Int[ (1-Ixaxx)~(Ixn/2)/ (1+Ixa*x)~(Ixn/2),x] /;
FreeQ[{a,n},x] && Not[IntegerQ[ (Ixn-1)/2]]

Int[x_"m_.*E~(n_.*ArcTan[a_.*x_]) ,x_Symbol] :=
Int[x*m* (1-Ixa*x)”~(I*n/2)/ (1+Ixaxx)"(I*n/2),x] /;
FreeQ[{a,m,n},x] && Not[IntegerQ[ (Ixn-1)/2]]



Rules for integrands involving exponentials of inverse tangents and cotangents

2. Ju (c +dx)PenArcTaniax] qx when a2 c2+d?==0

1: Ju (c+dx)PenAreTaniax] gy when a2 c2+d?==0 A (peZ V c>0)

Derivation: Algebraic simplification

Basis:ArcTan[z] == -1 ArcTanh[1 z]

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Note: Since a* c* + d* == @, the factor (1. ) will combine with one of the factors 1-iax 7 or @+iax 7.

Rule:If a2¢c?+d?> =0 A (peZ V ¢ >0),then

dx\p (1-iax lz_n
Jrrerammemmenan o [ulse GY T
c

(l+iax)s

Program code:

Int[u_.*(c_+d_.*x_)~p_.*E~(n_.*ArcTan[a_.*x_]) ,x_Symbol] :=
cpxInt[u*x (1+d*xx/c) “p* (1-IxaxXx)”~(Ixn/2)/ (1+Ixa*xx)"(Ixn/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”*2xc”2+d*2,0] && (IntegerQ[p] || GtQ[c,0])

2: Ju (c +dx)PenAreTaniax] qx when a2 c2+d?>=0 A - (p€Z V c>0)

Derivation: Algebraic simplification

Basis: ArcTan[z] == —i ArcTanh[1 z]

Basis: enAr‘cTanh[z] __ (1+z)"2
‘ <172)n/2

in

Note: Since a? c2 + d? == 0, the factor (c+dx)» will combine with one of the factors (1-iax)= or (1+iax)-= after piecewise



Rules for integrands involving exponentials of inverse tangents and cotangents

constant extraction.

Rule:If a2 c?+d? =0 A - (peZ V c >0),then

p
Ju(“dx)p nArcTan[ax]dx_)J“(“dX) (1- nax)z i

in

(l+iax)z

Program code:

Int[u_.*(c_+d

_*X_)"p_.*E~(n_.*ArcTan[a_.*x_]) ,x_Symbol] :=

Int [ux (c+d+X) ~p* (1-Ixaxx) " (Ixn/2) / (L+Ixa*x)~ (I*n/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”2xc”2+d"2,0] && Not[IntegerQ[p] || GtQ[c,0]]

dyr
3. Ju (c + —] emAreTaniaxl gy when c2 +a2d? == 0
X

d\r
1: Ju (c + —] emArcTaniaxl qx when c2+a2d*>=0 A pez
x

Derivation: Algebraic simplification

Basis: If p € Z, then <c+ %)p __ e <1+ Cx>p

xP

Rule:If c? +a2d?==@ A p € Z,then

Ju (C + g]penArcTan[aX] dx — dP Ji (1+ C_x)penAr‘cTan[ax] dx
X xP

d
Program code:

Int[u_.*(c_+d_./x_)"*p_.*E~(n

_.*ArcTan[a_.*Xx_]) ,x_Symbol] :=
d*pxInt [u/x*p* (1+cxx/d) *p*E” (nxArcTan[a*x]) ,x] /;

FreeQ[{a,c,d,n},x] &% EqQ[c”2+a”2xd"2,0] && IntegerQ[p]



Rules for integrands involving exponentials of inverse tangents and cotangents

d\r
2. Ju (c + —] emArcTaniaxl qx when c2+a2d>=0 A p¢z
x

dyp
1. Ju (c+ —) enAreTaniaxl gy when c2+a2d?>=0 A pezZ A "2—" €z
X

dyp
1: ju [c+—] ehArctaniax] gy when c2+a2d?>=0 A p¢Z A ]LZ—"GZ AcC>0
X

Derivation: Algebraic simplification

Basis: ArcTan[z] == —-i ArcTanh[1i z]
. ( )n 1+1 n/2
Basis: If © e z,then enArcTanhiz] <1t§>n:§ = (-1)"/2 —;E;l;m

Note: Since c? + a* d == @, the factor (1. £)° will combine with the factor (1- =£;) or (

Rule:If > +a?d* =@ Ap¢Z A L eZ A c>0,then

p P p .
Ju (C + ﬂ) enAr‘cTanh[ax] dx —» Ju (C ¥ ﬂ] e—inArcTanh[iax] dx —s (_1)n/2 cP Ju (1 + d_) S iax’
X X cX

Program code:

Int[u_.*(c_+d_./x_)~p_»E~(n_xArcTanh[a_.*x_]),x_Symbol] :=
(-1)~(n/2) *c p*Int [u* (1+d/ (c*x) ) ~p* (1-1/ (Ixaxx) )~ (Ixn/2) / (1+1/ (Ixaxx) )~ (Ixn/2),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c*2+a”2xd"2,0] && Not[IntegerQ[p]] && IntegerQ[Ixn/2] &&% GtQ[c,0]
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dyp
2: Ju [c+—] ehArctaniax] gy when c2+a2d*>=0 A p¢Z A Hez A = (c>0)
X

Derivation: Algebraic simplification
Basis: ArcTan[z] == —-i ArcTanh[1i z]

Basis: @"ArcTanh(z] __ (1+2)"/2

- (1-2) n/2

Rule:If > +a?d* =@ Ap¢zZ A LEezZ A - (c>0),then

Ju (C+ ﬂ) ehArcTanfax] g, _, Ju C+ el e—nnAr‘cTanh[nax] dx —s u il p (1- :I].aX) z d]
X . i

(1+1ax) 2

Program code:

Int[u_.x(c_+d_./x_)~p_*E~(n_xArcTan[a_.*x_]),x_Symbol] :=
Int[ux (c+d/x) *p* (1-Ixaxx)”(Ixn/2)/ (1+Ixa*xx) " (Ixn/2),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[c”2+a”2xd"2,0] & Not[IntegerQ[p]] && IntegerQ[Ixn/2] && Not[GtQ[c,0]]

X
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dyr
2: J-u (c + —) ehArcTaniaxl gy when c2+a2d>=0 A p¢zZ
X

Derivation: Piecewise constant extraction

+g P
Basis: Ox M =0
(1+5)

Rule:If c?+a%2d?==0 A p ¢ Z,then
xP [c+ g
u (C . E)penAr‘cTan[ax] dx —s M Ji (1+ 2)penArcTan[ax] dx
X (1+ Cd_x)p xP d

Program code:

Int[u_.*(c_+d_./x_)~p_*E~(n_.xArcTan[a_.*x_]) ,x_Symbol] :=
xAp* (c+d/x) *p/ (1+c*xx/d) *pxInt [u/x"p* (1+cxx/d) *p*E” (nxArcTan[axXx]) ,Xx] /;
FreeQ[{a,c,d,n,p},x] && EqQ[c”2+a”2xd"2,0] && Not[IntegerQ[p]]
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4. Ju (c+dx?)PeAreTaniaxl qx when d = a” ¢
1. J(c +dx2)PenArcTan[ax] dx when d == az c

1. J(c+dx2)pe"A"°Ta"[aX] dx whend=a%2c A p<-1Ain¢z

enAr‘cTan[ax]
1: J—“dx whend=a?c A in¢z
(c+dx?) !

Rule:If d == a2 ¢c A 1 n ¢ Z,then

enAr‘cTan[a X] (n +a X) e" ArcTan[a x]

—3/2 dx —

(c+dx?) ac(n?+1) Vc+dx®
Program code:

Int[E~(n_.*ArcTan[a_.*x_])/ (c_+d_.*x_"2)"(3/2),x_Symbol] :=
(n+axXx) *E~ (nxArcTan[a*x]) / (a*Cx (n*2+1) *Sqrt[c+dxx"*2]) /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] && Not[IntegerQ[Ixn]]
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2: J(c+dx2)pe“ArCTa"[aX] dx whend==a*c Ap<-1Ain¢zZ An?+4 (p+1)2+0

Rule:lf d==a2c Ap<-1Ain¢Z An®>+4 (p+1)2+80,then

(n-2a (p+1)x) (C +dx2)P+1 @nArcTan[ax] 2(p+1) (2p+3)
+

J(c +dx2)PenArcTan[aX] dx — J c +dxz)p+1 enAchan[ax] dx

ac(n*+4 (p+1)?) c(n?+4 (p+1)2)

Program code:

Int[ (c_+d_.*x_"2)"p_=*E~(n_.*ArcTan[a_.*x_]) ,x_Symbol] :=
(n-2%a* (p+1) *x) * (c+d*x"2) ~ (p+1) *E* (nxArcTan[axX]) / (axC* (n*2+4x (p+1)~2)) +
2% (p+1) * (2%p+3) / (C* (N*2+4* (p+1) ~2) ) *Int [ (c+d*x*2) ~ (p+1) *E~ (nxArcTan[a*x]) ,x] /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] && LtQ[p,-1] && Not[IntegerQ[Ixn]] && NeQ[n"2+4x (p+1)"2,0] && IntegerQ[2xp]

2. j(c+dx2)pe"””a"[”] dx whend==a%c A (peZ V c>0)

nArcTan[ax]

e
1: J—dlx when d == a% ¢
c+dx?

Rule: If d == a2 ¢, then
enAr'cTan[ax] enAr‘cTan[ax]

j—dlx S
c+dx? acn

Program code:

Int[E~(n_.+ArcTan[a_.*x_])/ (c_+d_.*x_"2),x_Symbol] :=
E” (nxArcTan[axx]) / (axcxn) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc]



Rules for integrands involving exponentials of inverse tangents and cotangents

2: J(c+dx2)pe“ArCTa"[aX] dx whend==a2c A pez A "‘"2*1 ez

Derivation: Algebraic simplification

Basis: e"ArcTan(z] __ (1-i z)in
<1+22>77

Rule:If d =a%c A pez A 12 € Z,then

2\ P _nArcTan[ax] p 2. ,2\p (1_iax)in P 2 2\ p-2t . in
(c+dx*)Pe dx — ¢ (1+a®x?)P ——————dx — [ (1+a° )7 (1-diax)*"dx

(1+a2x2)2_

Program code:

Int[ (c_+d_.*x_"2)"p_.*E”(n_xArcTan[a_.*Xx_]) ,x_Symbol] :=
crpxInt[ (1+a”2%x"2) * (p-Ix*n/2) x (1-IxaxXx)”~ (Ixn),x] /;
FreeQ[{a,c,d,p},x] && EqQ[d,a”2xc] && IntegerQ[p] && IntegerQ[ (Ixn+1)/2] && Not[IntegerQ[p-Ixn/2]]

10
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3: f(c+dx2)pe"ArCTa"[aX] dx whend==a*c A (peZ V c>0)

Derivation: Algebraic simplification
Basis:If d == a?c A pez,then (c+dx?)P =cP (1-iax)P (1+iax)P

Basis: e"ArcTan(z] __ (1-i z)1in2

(1+iz)*n/2

Rule:if d =a%c A (peZ Vv c > 0),then

l-iax T in in
J(c+dX2)PenArcTan[aX] dx — CPJ\(l_iax)P (1+iax)P ;cﬂx N cpj(l—iax)p+7 (1+iax)P T dx

(L+iax)z
Program code:

Int[ (c_+d_.*x_"2)"p_.*E”~(n_.*ArcTan[a_.*x_]) ,x_Symbol] :=
cpxInt[ (1-Ixa*x) " (p+Ixn/2) * (1+Ixaxx) " (p-Ixn/2),x] /;
FreeQ[{a,c,d,n,p},x] && EqQ[d,a"2xc] && (IntegerQ[p] || GtQ[c,0])

11
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3. j(c+dx2)pe"A"°Ta"[aX] dx whend==a*c A -~ (peZ V c>0)
1. j(c+dx2)"e"""““[“] dx whend=a?c A -~ (peZ V c>0) A Hez

1: j(c+dx2)pe"A“°Ta"[aX] dx whend=ac A -~ (p€Z V c>0) A 112_n€Z+

Derivation: Algebraic simplification
Basis: @"ArcTan(z] __ (1-iz)'"
<1+Zz> %

in

Basis: If d == a*>c A LM ez, then (1+a%x?) 2 = cr (c+dx2>*jT"

Rule:lf d==a%2c A - (peZ V c>0) A 1'12—“ez+,then

1-iax)in in .
J\(c+dx)p etAretniax gx — | (c+dx?) p1-23aX)" —dx — T J‘(c+dx2)'{"T (1-dax)i"dx

1+a )

Program code:

Int[ (c_+d_.*x_"2)”~p_x»E~(n_xArcTan[a_.*x_]),x_Symbol] :=
¢ (I*xn/2) *Int[ (c+d*x”2)~ (p-I*xn/2) % (1-Ixa*x)~ (Ixn),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[d,a”2xc] &% Not[IntegerQ[p] || GtQ[c,0]] && IGtQ[Ixn/2,0]

2: j(c+dx2)pe"Ar°Ta"[ax] dx whend=a%>c A -~ (peZ V c>0) A "‘2—“52'

Derivation: Algebraic simplification

Basis: e"ArcTan(z] __ (1+2%) =

(1+1 z)*tn

NS
-

Basis: If d == a2 ¢c A % € Z,then (1 +a%x?) i

12
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Rule:lf d==a%2c A - (peZ V c>0) A jz—”eZ‘,then

(1+a%x?) T 1 (c+ dxz)p*iz_"
(c+ dxz)pe"’"”a"[“] dx — (c+ dxz)p ——dx — — ———dx
(L+iax)tn T (L+iax)tn

Program code:

Int[ (c_+d_.*x_"2)"p_»E~(n_xArcTan[a_.*x_]),x_Symbol] :=
1/c”(I*xn/2) *Int[ (c+d*x”2) " (p+Ixn/2)/ (1+Ixa*x)”(Ixn),x] /;
FreeQ[{a,c,d,p},x] &% EqQ[d,a”2xc] &% Not[IntegerQ[p] || GtQ[c,0]] && ILtQ[Ixn/2,0]

2: J(C+dx2)PenArcTan[ax]dx whend==a2c A = (pEZ v C>0) A ]'12—"$Z

Derivation: Piecewise constant extraction

+ 2)P
Basis: If d == a? ¢, then 64 Lerd)” g

(1+a2 xz)p -

Rule:lff d==a%2c A -~ (peZ V c>0) A 112—”¢Z,then

FracP
cIntPart[p] (c +d Xz) racPart[p]

J(c +d XZ)P enArcTanax] gy _ (1 +a? Xz)p enArcTan[ax] g

(1 +a? Xz) FracPart[p]

Program code:

Int[ (c_+d_.*x_"2)"p_*E~(n_.*xArcTan[a_.*x_]) ,x_Symbol] :=
cIntPart[p] * (c+d*x”2) ~"FracPart[p]/ (1+a”2xx”2) *FracPart[p] *Int[ (1+a”2%x”"2) *p*E”~ (nxArcTan[a*x]) ,Xx] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[d,a”2xc] && Not[IntegerQ[p] || GtQ[c,0]]

2. Jxm (C +dx2)PenAr‘cTan[ax] dx when d == aZ c

1. J-x (c+dx?)Perretaniaxl qx whend=a’c A p<-1 A in¢z

13
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x e" ArcTan[a x]

1: J—dlx whend==a2c A in¢z
(c+dx2)3/2

Rule:If d == a2 ¢c A 1 n ¢ Z,then

XenAr‘cTan[ax] (1—anx) enAr‘cTan[ax]
e T

2
(c+dx?) d(n?+1) Vc+dx®

Program code:
Int[x_+E~(n_.*ArcTan[a_.*x_])/ (c_+d_.*x_"2)"(3/2),x_Symbol] :=

- (1-axnxXx) *E~ (nxArcTan[a*x]) / (d* (n*2+1) *Sqrt[c+d*x"2]) /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] && Not[IntegerQ[Ixn]]

2: Jx (c+dx?)PentretaniaX] qx when d==a’c A p<-1 A in¢z

Derivation: Integration by parts

Basis: 6, L2l . x (c+dx2)P

2d (p+1)

Rule:lff d==a%2c A p< -1 A in¢z,then

(c+dx2)p+1 @nArcTan[ax] acn
jx (C . dXZ)penAr‘cTan[ax] dx —» _ j(c +dXZ)PenArcTan[ax] dx
2d (p+1) 2d (p+1)
2 1 an c+dx? p+1 _nArcTan[ax]
. (2 (p+1) + X) ( +dX ) e ~ n(2p+3) J'(c_‘_dxz)pdenArcTan[ax] dx
a’c (n?+4 (p+1)2) ac(n*+4 (p+1)?)

Program code:

Int[x_=*(c_+d_.*x_"2)"p_*E~(n_.*ArcTan[a_.*Xx_]),x_Symbol] :=
(c+d*x”2) A (p+1) *E~ (nxArcTan[a*X]) / (2xd* (p+1)) - axcxn/ (2xdx (p+1)) *Int[ (c+d*x"2) ~*pxE~ (nxArcTan[axx]) ,X] /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] &% LtQ[p,-1] && Not[IntegerQ[Ixn]] && IntegerQ[2xp]

14



Rules for integrands involving exponentials of inverse tangents and cotangents
(* Int[x_=*(c_+d_.*x_"2)"p_=*E~(n_.*ArcTan[a_.*Xx_]),Xx_Symbol] :=
(2% (p+1) +axnxX) * (C+d*x*2) A (p+1) *E” (nxArcTan[a*X]) / (a”2xCx (n"2+4x (p+1) ~2)) -

nx (2xp+3) / (a*Cx (N*2+4% (p+1) ~2) ) *Int [ (c+d*xx*2) ~ (p+1) *E” (nxArcTan[a*x]) ,x] /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && LtQ[p,-1] && NeQ[n”2+4* (p+1)~2,0] && Not[IntegerQ[Ixn]] =*)

2. J-xz (c+dx2)pe"A"Ta"h[“] dx whena?c+d=0 Ap<-1Ang¢z

1: sz (c+dx?)PerhremniaXl ax whend=a’c An*-2 (p+1) =@ A in¢z

Rule:if d ==a2c A n>-2 (p+1) =0 A 1n ¢ Z,then

(1-anx) (C +d XZ)P+1 @nArcTan[ax]

JXZ (C +dx2)PenAr‘cTan[ax] dx — -
adn (n%+1)

Program code:

Int[x_"2*(c_+d_.*x_"2)*p_.*E~(n_.*ArcTan[a_.*X_]),x_Symbol] :=
- (1-a*n*Xx) * (c+d*x"2) ~ (p+1) *E” (nxArcTan[a*Xx]) / (a*dxn* (n*2+1)) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] & & EqQ[n"2-2x (p+1),0] && Not[IntegerQ[Ixn]]

2: sz (c+dx?)Perhremniaxl gx whend=a’c A p<-1 A in¢z An*+4 (p+1)2#0

Derivation: Algebraic expansion and 777

Basis: x2 (c +dx?)P s - ), (eraxt)?
d d

Rule:lf d==a2c Ap<-1Aine¢Z An®>+4 (p+1)2+0,then

c 1
JXZ (C +dx2)PenArcTan[ax] dx —» __J(c +dx2)PenArcTan[ax] dx + _J(c +dx2)p+1 enAchan[ax] dx
d d

15



Rules for integrands involving exponentials of inverse tangents and cotangents

(Nn-2(p+1) ax) (c+dx?)Pt gnArcraniax] n2-2 (p+1)
- +

N J(c+dx2)p+1 enArcTan[ax] dx

ad (n*+4 (p+1)?) d(n?+4 (p+1)2)

Program code:

Int[x_"2* (c_+d_.*x_"2)"p_x»E~(n_.xArcTan[a_.*Xx_]),x_Symbol] :=
- (nN-2% (p+1) *a*X) * (c+d*x"2) A (p+1) *E~ (nxArcTan[axx]) / (a*d* (n*2+4% (p+1) ~2)) +
(N?2-2% (p+1) ) / (d* (n*2+4% (p+1) ~2) ) *Int [ (c+d*x”2) A (p+1) *E” (nxArcTan[axXx]) ,X] /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] && LtQ[p,-1] && Not[IntegerQ[Ixn]] && NeQ[n*2+4x (p+1)"2,0] && IntegerQ[2xp]

3. jx'“ (c +dx2)pe"A"Ta"[“] dx whend=a%c A (peZ V c>0)

1: Jx"‘ (c+dx2)pe"A"Ta"[“] dx whend==a%2c A (peZ V c>0) A —’“';1 €z

Derivation: Algebraic simplification
Basis: e"ArcTan(z] __ (1-i z)?”‘
(1+22) %

Rule:if d =a%c A (peZ V c>0) A 0% €7,then

m 2\ P _nArcTan[aXx] p m 2,2\p (l_iax)in p m 2,2 P—ﬂ—" . in
X" (c+dx*)Pe dx — c X" (1+a?x?)P ——————dx — P |[x" (1+a*x*)P" 7T (1-iax)t"dx

(1+a2x2)12_n

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_.*E~(n_xArcTan[a_.*x_]) ,x_Symbol] :=
crpxInt [ X m* (1+a”2%X"2) * (p-I*n/2) x (1-IxaxXx) " (Ixn),x] /;
FreeQ[{a,c,d,m,p},x] &% EqQ[d,a”2xc] && (IntegerQ[p] || GtQ[c,0]) && IntegerQ[ (Ixn+1)/2] && Not[IntegerQ[p-Ixn/2]]



Rules for integrands involving exponentials of inverse tangents and cotangents

2: jx'" (c+dx?)PerAretaniaxl qx when d==a’c A (p€Z V c>0)

Derivation: Algebraic simplification
Basis:If d == a?c A pez,then (c+dx?)P =cP (1-iax)P (1+iax)P

Basis: e"ArcTan(z] __ (1-i z)1in2

(1+iz)*n/2

Rule:if d =a%c A (peZ Vv c > 0),then

(1—:'1ax)nz_
Jx’“ (c+dx?)Perhremaniaxl gx — cP J\x'“ (1-1ax)P (1+iax)P —dx — cP

(L+iax)z

Program code:

Int[x_"m_.x(c_+d_.xx_"2)"p_.*E~(n_.*ArcTan[a_.*Xx_]),x_Symbol] :=
crpxInt [ X "m* (1-Ixa*X) "~ (p+Ixn/2) * (1+Ixa*xx) " (p-Ixn/2),x] /;
FreeQ[{a,c,d,m,n,p},x] & EqQ[d,a"2xc] && (IntegerQ[p] || GtQ[c,0])

Jx’" (l—iax)”"nz_ (1+iax)”'nz_d1x
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Rules for integrands involving exponentials of inverse tangents and cotangents

4, jx'“ (c+dx?)PeAretaniaxl qx when d=a’c A - (p€Z V c>0)
1. jx'“ (c+dx?)Pen?reniaxl gx whend=a’c A - (peZ V c>0) A Hez

1: jx’" (c+dx?)Pere™ni2X] ax whend=a’c A -~ (peZ V c>0) A Hez*

Derivation: Algebraic simplification
Basis: @"ArcTan(z] __ (1-iz)'"
<1+Zz> %

in

Basis: If d == a2 ¢c A % € Z,then (1+a2x2)’ﬂTn o (c+dx?) 2

Rule:if d==a%c A = (peZ V c>0) /\Mez+ then

m P nArcTan[ax] px - 7 (1 lax)nﬂ i m 2 P—i—" . in
X" (c+dx?)Pe dx — (c+dx?) dx — c7 [x" (c+dx*)” 7 (1-iax)*"dx

1+a )

Program code:

Int[x_"m_.x(c_+d_.*x_"2)"p_=*E~(n_xArcTan[a_.xXx_]),x_Symbol] :=
c™ (I*n/2) *Int [X m* (C+d*xx"2)~ (p-I*xn/2) * (1-Ixa*x) " (Ixn),x] /;
FreeQ[{a,c,d,m,p},x] & & EqQ[d,a”2xc] && Not[IntegerQ[p] || GtQ[c,0]] && IGtQ[Ixn/2,0]

2: jx’" (c+dx?)PereTniaX] ax whend=a’c A -~ (peZ V c>0) A HGZ'

Derivation: Algebraic simplification

Basis: e"ArcTan(z] __ (1+2%) =

(1+1 z)*tn

N‘j
|
=
@]
+
Q.
X
o

Basis: If d == a2 c A % e 7, then (1 + a2

18



Rules for integrands involving exponentials of inverse tangents and cotangents

Rule:lf d==a%2c A - (peZ V c>0) A jz—”eZ‘,then

(1+a2x?) 7 1 X" (c+dx2)"*z_
X" (c +dx2)pe"””a"[“] dx — | x" (c +dx2)p ——dx — — —_—
(L+iax)tn T (L+iax)tn

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_=*E~(n_xArcTan[a_.xXx_]),x_Symbol] :=
1/c”(I*xn/2) *Int [x*mx (c+d*x"*2)~ (p+Ixn/2) / (1+Ixaxx)” (Ixn),x] /;
FreeQ[{a,c,d,m,p},x] & & EqQ[d,a”2xc] && Not[IntegerQ[p] || GtQ[c,0]] && ILtQ[Ixn/2,0]

2: Jx'“ (c+dx?)Pen?reniaxl gx whend=a’c A - (peZ V c>0) A "‘2—"¢z

Derivation: Piecewise constant extraction

+ 2)P
Basis: If d == a? ¢, then 64 Lerd)” g

(1+a2 xz)p -

Rule:lff d==a%2c A -~ (peZ V c>0) A ]'12—”q;z,then

FracP
cIntPart[p] (c +d Xz) racPart[p]

Jxm (C + dXZ)P enArcTan[ax] dx —
(1 +a? Xz) FracPart[p]

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_=*E~(n_.xArcTan[a_.*x_]),x_Symbol] :=
cIntPart[p] * (c+d*x"2) ~"FracPart[p]/ (1+a”2xx”2) *FracPart[p] *Int [X"mx (1+a”2xx"2) *p*E” (n*ArcTan[a*x]) ,Xx] /;
FreeQ[{a,c,d,m,n,p},x] &% EqQ[d,a”2xc] &% Not[IntegerQ[p] || GtQ[c,0]]

dx

Xm (1 + az XZ)P enArcTan[ax] dx
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Rules for integrands involving exponentials of inverse tangents and cotangents

3. J-u (c+ dxz)p emAreTaniaxl gx when d == a?c

1: Ju (c+dx?)PeAreniaX] ax whend=a’c A (peZ V c>0)

Derivation: Algebraic simplification

n

Basis: e" ArcTan[z] __ (1-1i2z) T

n

(1+1z) 2
Basis: (1+22)° = (1-iz)P (1+1i2z)P
Rule:lf d ==a%c A (peZ Vv c > 0),then

(1—iax)nz_ Lin _in
J\u (c+dx?)Penhretaniaxl qx —, cpju (1-iax)P (l+iax)P ——— dx — cpju (1-i1ax)™z (1+iax)? 7 dx
(l+iax)z

Program code:

Int[u_=*(c_+d_.*x_"2)"p_.*xE~(n_.*ArcTan[a_.*Xx_]),x_Symbol] :=
crpxInt[ux (1-Ixa*xx)”" (p+Ixn/2) % (1+Ixaxx)”" (p-Ixn/2),x] /;
FreeQ[{a,c,d,n,p},x] && EqQ[d,a"2xc] && (IntegerQ[p] || GtQ[c,0])
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Rules for integrands involving exponentials of inverse tangents and cotangents

2. J-u (c+dx?)Perretaniaxl qx when d=a’c A -~ (p€Z V c>0)

1: ju (c+dx?)PeAreniaX] ax whend=a’c A -~ (p€Z V c>0) A "‘T"ez

Derivation: Piecewise constant extraction

(c+d x?)”
-1ax)P (1+iax)P

Basis: If d == a? ¢, then 64 B =0

n

Basis: e" ArcTan[z] __ (1-12z) T

n

(1+1z) 2

Rule:If d =a%c A -~ (peZ vV c>0) A L ez, then

cIntPart[p] (C +d Xz) FracPart[p]

ju (c +dx2)penANTan[aX] dx — ju (1-i2ax)™7 (1+iax)P 7 dx

(1 -fa X) FracPart[p] (1 +1a X) FracPart[p]

Program code:

Int[u_=* (c_+d_.*x_"2)"p_.*E”(n_xArcTan[a_.*Xx_]),x_Symbol] :=
cIntPart[p]* (c+d*x”2) ~"FracPart[p]/ ((1-Ixaxx)~FracPart[p]* (1+Ixaxx) FracPart[p])*
Int[ux (1-Ixa*x)” (p+I*n/2) % (1+Ixaxx)”"(p-Ixn/2),x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[d,a”2xc] && (IntegerQ[p] || GtQ[c,0]) && IntegerQ[Ixn/2]

2: ju (C+dX2)PenArcTan[aX] dx whend=a’c A ~ (pEZ V c>0) A ﬁTnez

Derivation: Piecewise constant extraction

+ 2)\P
Basis: If d == a2 c, then 64 ledX)” g

(1+a2x2)P

Rule:If d =a’c A - (pezZ V c>0) A LM ¢ 7, then
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Rules for integrands involving exponentials of inverse tangents and cotangents

IntPart[p] 2\ FracPart[p]
2\ P _nArcTan[ax] ¢ (C+dX) 2 ,2\P _nArcTan[aXx]
u(c+dx*)fe dx — u(1+a’x*)’e dx
(1 . az XZ) FracPart[p]

Program code:

Int[u_=* (c_+d_.*x_"2)"p_=*E~(n_.*ArcTan[a_.*Xx_]) ,x_Symbol] :=
c IntPart[p] * (c+d*x”2) ~"FracPart[p]/ (1+a”2xx"2) *FracPart[p] *Int [u* (1+a”2xx"2) *p*xE* (nxArcTan[a*Xx]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[d,a”2xc] && Not[IntegerQ[p] || GtQ[c,0]] &% Not[IntegerQ[Ixn/2]]

d\p
5. ju (c + —) ehAreTaniax] gx when c = a%d

d\p
1: Ju (c + —2] enAreTaniax] gy when c==a’d A pez
X

Derivation: Algebraic simplification
Basis: If c == a?d A pez,then (c+ &)° = 55 (1+a%x?)°

Rule:If ¢ ==a%2d A p € Z,then

p
J.u (C + i] enArcTan[ax] g4 _, P J‘L (1 + a2 XZ)PenArcTan[ax] dx
2p
X

Program code:

Int[u_.x(c_+d_./x_"2)"p_.*E~(n_.+ArcTan[a_.*x_]) ,x_Symbol] :=
d p*xInt [u/x” (2xp) * (1+a*2xx"2) *p*xE* (nxArcTan[a*x]) ,x] /;
FreeQ[{a,c,d,n},x] && EqQ[c-a*2xd,0] && IntegerQ[p]
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\p
2. J-u (c + —] ehArctaniax] gy when c==a?d A p¢Z

d\r
1. Ju (c+ —2] enAreTaniaxl gy when c=a?d A p¢zZ A "2—" €z
X

d\r .
1: Ju [c+—2] emArcTaniaxl qx when c==a’d A p¢Z A ‘;—"ez AC>0
X

Derivation: Algebraic simplification
Basis: (1+22)° = (1-iz)P (1+i2z)P

Rule:if c =a’d Apez A L2 ez A c>0,then

p P
ufc+ 4 enAretaniax] gy 5 cP u 1+ ! enArctaniaxl gy 5 ¢P u|1-
x2 a?x?

Program code:

Int[u_.*(c_+d_./x_"2)"p_=*E~(n_xArcTan[a_.*Xx_]),x_Symbol] :=

c p*xInt[ux (1-I/ (a*xx) )" p* (1+I/ (axx))p*E” (nxArcTan[a*Xx]),Xx] /;

FreeQ[{a,c,d,p},x] &% EqQ[c-a”2xd,0] &&% Not[IntegerQ[p]] && IntegerQ[Ixn/2] &% GtQ[c,0]

aXx

wll

i
1+ —
ax

p
) en ArcTan[a x] dx
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\r .
2: Ju [c+—2] emArcTaniaxl qx when c==a’d A p¢Z A ‘;—"ez A = (c>0)
X

Derivation: Piecewise constant extraction

2p L 4)\P
Basis: If ¢ == a? d, then 64 5 x?P (c+) —

-1ax)P (1+iax)P

Rule:if c=a’d Ap¢Z A B> e€Z A = (c>0),then

2 d\P
d\»r x*P (c + x—z) u
u (c + —] enAretanax] gy J— (L-iax)P (1+1ax)PemArcraniaxl gx
x2 (1-1ax)P (L+iax)P J x?P

Program code:

Int[u_.*(c_+d_./x_"2)"p_=*E~(n_xArcTan[a_.*Xx_]),x_Symbol] :=
X" (2%p) * (c+d/x*2) *p/ ((1-Ixa*X) *p* (1+Ixaxx) p) *Int [u/x”* (2xp) * (1-Ixaxx) *p* (1+Ixaxx) *p*xE”* (nxArcTan[axXx]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c-a”*2xd,0] && Not[IntegerQ[p]] && IntegerQ[Ixn/2] && Not[GtQ[c,0]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\r
2: ju [c+ —2] enArcTaniaxl gy when c==a’d A p¢Z A "2—" ¢z
X

Derivation: Piecewise constant extraction
. . 2 X2p<c+d2>p B
Basis: If ¢ == a“ d, then o %haz I 0

Rule:If c =a®d A pez A 5 ¢ z,then

p
d\p x2P (c + %)
u (C . _] enAr'cTan[ax] dx —s X
X2

J‘L (1+ a2 XZ)PenAr‘cTan[ax] dx
(1+a2x2)P J x?P

Program code:

Int[u_.*(c_+d_./x_"2)"p_*E~(n_.*ArcTan[a_.*Xx_]) ,x_Symbol]

X~ (2%p) * (c+d/x*2) *p/ (1+a”2%xx"2) *pxInt [u/Xx” (2xp) * (1+a”2xx"2) *p*xE” (nxArcTan[a*x]) ,x] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[c-a”2xd,0] && Not[IntegerQ[p]] && Not[IntegerQ[Ixn/2]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2 ju enAr‘cTan[a+bx] dx

1: JenArcTan[c (a+bx) 1] dx

Derivation: Algebraic simplification

Basis:ArcTan[z] == -1 ArcTanh[1 z]

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Note: The second step of this composite rule would be unnecessary if Mathematica did not gratuitously simplify

ArcTanh[i z] tO i ArcTan[z].

Rule:

in
JenAr‘cTan[c (a+bx) ] dx —s Je—inAr‘cTanh[ﬁc(amx)] dx —s J(l—laC—:ﬂ.be) -z dx
(l+iac+ibcx)z

Program code:

Int[E~(n_.*ArcTan[c_.*(a_+b_.*x_)]),x_Symbol] :=
Int[ (1-Ixaxc-Ixbxcxx)” (Ix*n/2)/ (1+Ixaxc+Ixbxcxx)”(Ixn/2),x] /;
FreeQ[{a,b,c,n},x]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2. J(d + ex)m enArcTan[c (a+bx) ] dx

1: Jxm enAreTanic (@61 gy whenmez- A -1<in<1

Derivation: Algebraic simplification and integration by substitution
Basis:ArcTan[z] == -1 ArcTanh[1 z]
Basis: @"ArcTanh(z] __ (1+z)"/2

- (1—Z)n/2

Basis:If mez A -1 <1n<1,then
o (171'Lac—(1+11ac) xﬁ

in in in

m
) X (1-1c (a+bx))

@x (1-1c (a+bx)) 2

-

2
1+Xin

n

XM (1-ic (a+bx))? _ Subst [ X
(1+1 c (a+bx)) 2

2
in m+1 m+1 m+2 ) 5} in
(1+ic (a+bx))z  1'nb B

(1+1 c (a+bx))

Note: There should be an algebraic substitution rule that makes this rule redundant.
Rule:lf mez A -1 <1n<1,then

fxm enArcTan[c (a+bx) 1] dx — Jxm e-inArcTanh[ic (a+bx) 1] dx
(l-ic(a+bx))=

— Jxm — dx
(1+1ic (a+bx))T

m in
1 nac—(1+nac)x“) (L-ic(a+bx))z

— St[ dx, X,
am nbm+1 m+1 i

2\ m+2

1+Xnn) (1+ic(a+bx))¥

Program code:

Int[x_"m_xE~ (n_xArcTan[c_.* (a_+b_.*x_)1),x_Symbol] :=
4/ (I*mxnxb” (M+1) xc™ (M+1) ) *
Subst [Int[x"(2/ (I*n)) % (1-Ixaxc- (1+I*xaxc) *xx™(2/ (Ixn))) m/ (L+x” (2/ (I*n)) )" (m+2) ,X],X,
(1-Ixcx (a+b*x) )~ (Ixn/2)/ (1+Ixcx (a+bxx) )~ (Ixn/2)] /;
FreeQ[{a,b,c},x] && ILtQ[m,0] && LtQ[-1,Ixn,1]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2: J-(d + ex)m enAr‘cTan[c (a+bx)] dx

Derivation: Algebraic simplification
Basis: ArcTan[z] == —-i ArcTanh[1 z]

Basis: @nAr‘cTanh[z] . (d+z)"?
’ (1-z)n2

Rule:

in

(l+iac+ibcx)z

in
. . (l-1ac-ibcx) 7z
J\(d +ex)menArcTan[c (a+bx) 1] dx —s J(d +ex)me—nnAr‘cTanh[nc(a+bx)] dx —s J(d+ex)m . dx

Program code:

Int[(d_.+e_.*x_)"m_.*E~(n_.*ArcTan[c_.*(a_+b_.*x_)]),x_Symbol] :=
Int[ (d+exx) m% (1-Ixaxc-Ixbxcxx)” (I*n/2)/ (1+Ixaxc+Ixbxcxx)” (Ixn/2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]
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Rules for integrands involving exponentials of inverse tangents and cotangents

3. Ju (c+dx+ex2)pe"‘"”a"[a+bx] dx whenbd=2ae A b?c-e (1+a2) =0

1: Ju (c+dx+ex2)pe"""”"[a"bx] dx whenbd=2ae A b’c-e (1+a%’) =0 A (pez V 1+ca2 >0)

Derivation: Algebraic simplification

Basis:If bd ==2ae A b’c-e (1+a?) =0,thenc+dx+ex*= = (1+ (a+bx)?)

Basis: (1+2%)P = (1-1i2z)P (1+12)P

Basis:ArcTan[z] == -1 ArcTanh[1 z]

Basis: @"ArcTanh(z] __ (1+z)"/2
° (1—Z)n/2

Rule:if bd =2ae A b*c-e (1+a*) =08 A (pezZ VvV ;55 >0),then

p
Ju (C +dx+ex2)PenArcTan[a+bx] dx — ( ] Ju (1+ (a +bx)2)PenAr‘cTan[a+bx] dx

1+ a?

c p (1—ia—ibx)iz_n
— ( ) u(l-ia-iabx)P (1+ia+ibx)? dx

2 in
l1+a (l+ia+ibx)?2

c P Lin _in
— ( ) fu(l—ia—ibx)pz (L+ia+abx)P 2 dx
1+a?

Program code:

Int[u_.x(c_+d_.*x_+e_.*x_"2)"p_.*E~(n_.*ArcTan[a_+b_.*x_]),x_Symbol] :=
(c/ (1+a”2) ) *p*Int [ux (1-Ixa-Ixbxx) " (p+I*n/2) * (1+Ixa+Ixbxx)” (p-Ixn/2),x] /;
FreeQ[{a,b,c,d,e,n,p},x] && EqQ[bxd,2xaxe] & & EqQ[b”"2xc-e (1+a”2),0] && (IntegerQ[p] || GtQ[c/ (1+a”2),0])

2: J.u (c+dx+ex2)pe“"“Ta"[a+b"]dlxWhenbd==2aeAbzc—e(1+a2) =0 A-(pez Vv -5>0)

1+a?

Derivation: Piecewise constant extraction
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Rules for integrands involving exponentials of inverse tangents and cotangents

p
Basis:If bd == 2ae A b?c-e (1+a?) == 0,then o, [crdxrex?) =)

(1+a%+2a b x+b? xz) P

Rule:lff bd == 2ae A b*c-e (1+a%) =@ A - (peZ V -5 >0),then

(c+dx+ex?)?

ju (C +dx+ex2)PenAr‘cTan[a+bX] dx —s ju (1+a2+2abx+ bZ XZ)PenAr‘cTan[a+bx] dx
)P

(1+a2+2abx+b2x2

Program code:

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E~(n_.*ArcTan[a_+b_.*x_]),x_Symbol] :=
(c+dxx+e*x"2) *p/ (1+a”2+2xaxbxx+b*2xx"2) *pxInt [u* (1+a”2+2xa*xbxXx+b"2xx"2) *p*xE” (nxArcTan[a*Xx]) ,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & EqQ[bxd,2xaxe] && EqQ[b”2xc-e(1+a”2),0] && Not[IntegerQ[p] || GtQ[c/ (1+a”2),0]]

3. janArcTan[afbx]dx

Derivation: Algebraic simplification
Basis: ArcTan[z] == ArcCot | 1]

Rule:
Ju entretan[ ] gy Ju enArecot[2+] gy

Program code:

Int[u_.*E~(n_.*ArcTan[c_./(a_.+b_.*x_)]1),x_Symbol] :=
Int[uxE” (nxArcCot[a/c+bxx/c]) ,x] /;
FreeQ[{a,b,c,n},x]
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Rules for integrands involving exponentials of inverse tangents and cotangents

Rules for integrands involving exponentials of inverse cotangents

1 ju enAr‘cCot[ax] dx

1: Ju enArecotiax] gx when "2—" €z

Derivation: Algebraic simplification
Basis: If L € 7, then @"ArcCot(z] __ (_1) 7" g nArcTan(z]
2

Rule: If 12—” € 7, then

Ju enAr‘cCot[ax] dx — (_1) 12—" Ju e-nArcTan[z] dx

Program code:
Int[u_.*E”~(n_xArcCot[a_.*x_]),x_Symbol] :=

(-1)~(I*n/2)*Int[u*xE” (-nxArcTan[a*x]),X] /;
FreeQ[a,x] && IntegerQ[Ixn/2]

2. Ju @nArecotiaxl gy when "2—" ¢z
1. Jx"‘ enArccotiax] gy when "2—" ¢z

1. J-x'“ enArecotiax] gx when "2—" ¢Z AMeZ

1: | x™enArecotiaxl gx when "“;‘1 €Z Amez

Derivation: Algebraic simplification and integration by substitution

31



Rules for integrands involving exponentials of inverse tangents and cotangents

Basis: e" ArcCot[z] __

Fr1
Basis: F | ﬂ

Rule: If“z—‘1 €Z A me Z,then

in+l
(1 _ ﬁ) 2 1
a
dx, X, —]
in-1 , X
m+2 (1 . X 2
a

X
1+
aZ

b2
Jxm @nArcCotiax] gy _, J ax
1ym (g, E)"
(x) (1+ ax

dx — —Subst[J\
Program code:

Int[E~(n_xArcCot[a_.*x_]) ,x_Symbol]

-Subst[Int[ (1-Ixx/a)” ((I*n+l)/2)/ (x 2% (1+Ixx/a)”((Ixn-1)/2)xSqrt[l+x”2/a*2]),x],Xx,1/x] /;
FreeQ[a,x] && IntegerQ[ (Ixn-1)/2]

Int[x_"m_.*E~(n_xArcCot[a_.*x_]),x_Symbol]

-Subst[Int[ (1-Ixx/a)” ((I*n+1)/2)/ (X" (m+2) % (L+Ixx/a)~ ((I*n-1)/2) *Sqrt[1+x~2/a"2]),x],X,1/x] /;
FreeQ[a,x] && IntegerQ[ (Ixn-1)/2] && IntegerQ[m]

2:

x" gnArccotiaxl gy when in¢zZ A mez

Basis: enArcCot[z] __ (1,1)7

Sz

Derivation: Algebraic simplification and integration by substitution

(1+3)7
Basis:F[ﬂ ik

Rule:If in¢ 2z A me Z, then



Rules for integrands involving exponentials of inverse tangents and cotangents

J\ nArcCot[ax] dx — J\X nnArcCoth [1ax] dx — J

Program code:

Int[E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
-Subst [Int[ (1-Ixx/a)” (Ixn/2)/ (X 2% (1+Ixx/a)”*(I*n/2)),x],X,1/x] /;
FreeQ[{a,n},x] && Not[IntegerQ[Ixn]]

Int[x_"m_.*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
-Subst[Int[ (1-Ixx/a)”~(n/2)/ (x*(m+2) % (1+Ixx/a)~(n/2)),x],x,1/x] /;
FreeQ[{a,n},x] && Not[IntegerQ[Ixn]] && IntegerQ[m]

in
1+L B
ax

1- "— T
Y 1
dx — -Subst[ = — dx, X, —]
m+2 2_ X
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Rules for integrands involving exponentials of inverse tangents and cotangents

2. jx'“ @"Arccotiax] gy when "2—" ¢Z AmMez

1: jx"‘ ehArecotiaxl gy when i';'l €Z Am¢Z

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution!

Basis: (enAr‘CCo‘t[z] _ (1,1'1,) 5

Rule: Ifj”‘z—’1 €Z A m¢Z,then

i in+: ix
m _nArcCot[aXx] m 1ym (1_;) ’ m 1ym (1_7) ’ 1
X" e dx — X (—) dx — -X"|— Subst[ dx, X, —]
X in-1 X in-1 X
. i 2 1
X

Program code:

Int[x_~m_xE” (n_xArcCot[a_.*x_]),Xx_Symbol] :=
-x"m* (1/X) “mxSubst [Int[ (1-Ixx/a)” ((I+n+1) /2) / (X* (m+2) % (1+Ixx/a)” ((I*n-1) /2) xSqrt[1+x*2/a”2]) ,x],X,1/X] /;
FreeQ[{a,m},x] && IntegerQ[ (Ixn-1)/2] && Not[IntegerQ[m]]

in

2: [ x"enArecotiax] gx when ez Amez

Derivation: Algebraic simplification, piecewise constant extraction and integration by substitution!
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Rules for integrands involving exponentials of inverse tangents and cotangents

Basis: e" ArcCot[z] __

Rule: If % ¢7Z A me¢ Z,then

1
Jxm enArcCot[ax] dx — Xm [

Program code:

Int[x_"m_=%E~(n_.*ArcCot[a_.*x_]) ,x_Symbol]

-Subst[Int[ (1-Ixx/a)”~(n/2)/ (x*(m+2) % (1+Ixx/a)~(n/2)),x],X,1/x] /;
FreeQ[{a,m,n},x] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[m]]



Rules for integrands involving exponentials of inverse tangents and cotangents

2. J-u (c +dx)Penhrecotiax] gx when a2 c2 +d? =0 A % ¢Z

1: Ju (c+dx)Penhrecotiaxl gy when a2 c2+d?==0 A iz—"czz ApEZ

Derivation: Algebraic simplification

Basis: If p € Z,then (c + d x)P == dP xP (1+ f)p

X
Rule:If a2 ¢ +d? =@ A 4! ¢ Z A p € Z, then

c
Ju (c +dx)Penhrecotiaxl gy _, gp Ju xP (1+ T
X

Program code:

Int[u_.*(c_+d_.*x_)~p_.*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
drpxInt [uxx*p* (1+c/ (dxXx) ) *p*E” (nxArcCot [a*xx]) ,x] /;
FreeQ[{a,c,d,n},x] && EqQ[a*2xc”2+d"2,0] && Not[IntegerQ[Ixn/2]] && IntegerQ[p]

p
) en ArcCot[ax] dx
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Rules for integrands involving exponentials of inverse tangents and cotangents

2: Iu (c +dx)P enArecotiaxl gy when a2 c? +d? =0 A "‘2—"ez ApeEzZ

Derivation: Piecewise constant extraction

Basis: Oy X_(ﬂ)f’_ -0

P(12)”

Rule:If a® c®+d? =@ A L2 ¢ Z A p ¢ Z,then

p
u (c +dx)Penhrecotiaxl gy _, _(erd0P Ju xP (1+ i)pe"“"c“[a"] dx
xP (1+ )P dx
d x

Program code:

Int[u_.*(c_+d_.*x_)~p_*E~(n_.xArcCot[a_.*x_]),x_Symbol] :=
(c+dxx) *p/ (X" p* (1+c/ (dxXx) ) *p) *Int [uxx"px (1+c/ (d*X) ) *"p*E~ (nxArcCot [a*xx]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[a”2xc”2+d*2,0] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[p]]

dyr )
3. Ju (c + —] enArecotiaxl gy when c2 +a2d?==0 A 12—" ¢z
X

dyp )
1. Jx'" (c+ —] ehArecotiaxl gy when c2+a2d?=0 A ?ez A (PEZ V c>0)
X

dyp .
1: jx'“ (c+—) enArecotiaxl gy when c2 +a2d?=0 A ’LZ—"ez A (PEZV C>0) AmezZ
X

Derivation: Algebraic simplification and integration by substitution

Basis: ArcCot[z] == 1 ArcCoth[1 z]

=

n/2
Basis: enArcCoth(z] __ <1+z)

1)

N |
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Rules for integrands involving exponentials of inverse tangents and cotangents

38
1
Basis: F | 1] = Flel 5,1

(Y

in

ER

Note: Since c* + a* d* == @, the factor (1. ¢)” will combine with the factor (1- —)_ or (1+%)
Rule:If c>+a*d*=@ A Lt ¢Z A (peZ V Cc>0) Amez,then

m dyp nArcCot[ax 1
X"|c+—| e BxI gx — cP
X

RS P
(l)m [1+ d ]plf——jl):j'dx - -CpSubst[‘I~(1+ . ) (1 a‘)
= cx L .

X

—_
=
+

(Y
x|

—_

Program code:

Int[(c_+d_./x_)"p_.*E~(n_.*ArcCot[a_.*x_]) ,x_Symbol]

-c”p»Subst[Int[ (1+d*x/c)*p* (1-Ixx/a)”(Ixn/2) /(X" 2% (1+Ixx/a)”(Ixn/2)),x],X,1/x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c”2+a”2xd"2,0] && Not[IntegerQ[Ixn/2]] &% (IntegerQ[p] || GtQ[c,0])
Int[x_"m_.*(c_+d_./x_)"p_.*E~(n_.xArcCot[a_.*x_]),x_Symbol] :=

-c”p*Subst [Int[ (1+d*x/c)*p* (1-Ixx/a)”(Ixn/2) /(X (m+2) * (1+Ixx/a)”(Ixn/2)),x],X,1/x] /;
FreeQ[{a,c,d,m,n,p},x] &% EqQ[c”2+a”2+d"2,0] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p]

|| GtQ[c,0]) &% IntegerQ[m]



Rules for integrands involving exponentials of inverse tangents and cotangents

dyp )
2: Jx'“ (c+—] enArecotiaxl gy when c2 +a2d? =0 A ’;—“ez A (PEZV C>0) Am¢Z
X

Derivation: Algebraic simplification and integration by substitution
Basis: ArcCot[z] == 1 ArcCoth[1 z]

Basis: @nAr‘cCoth[z] _ ( z

Note: Since c* + a* d* == @, the factor (1. ¢)” will combine with the factor (1- —)_ or (1+2)7%,

a

Rule:If c>+a*d*> =0 A LR ¢Z A (peZ V C>0) AmeZ,then

d\p 1y\m 1 d P(l‘:_x)T 1y\m (1+dc_x)p(:L_ﬁ.-=1_x)T 1
x" (c + —] ehArccotiaxl gy —y P x™ (—) [1 + —] ——dx — -c”x" (—] Subst[ —— dx, X, —]
X X (1)"‘ cX i X 2 (1+].1_x)2_ X

ax a

X (1+—)Z_

Program code:

Int[(c_+d_./x_)"p_»E~(n_.xArcCot[a_.*x_]),x_Symbol] :=
(c+d/x)"p/ (1+d/ (c*x) ) *pxInt[ (1+d/ (cxx) ) *p*E” (nxArcCot [axXx]),Xx] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c”2+a”2xd"2,0] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[p] || GtQ[c,0]]

Int[x_"m_x(c_+d_./x_)"p_.*E”~(n_.xArcCot[a_.*x_]),x_Symbol] :=
—cMpxx*m* (1/x) “mxSubst [Int [ (1+d*x/c) *p* (1-Ixx/a) "~ (Ixn/2) / (x* (m+2) » (1+Ixx/a)~(Ixn/2)),x],Xx,1/x] /;
FreeQ[{a,c,d,m,n,p},x] &% EqQ[c”2+a”2xd"2,0] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegerQ[m]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

dyp .
2: ju [c+—) @nArecotiax] gy when c2 +a2d?=0 A "2—"¢.Z A-~(PEZ V Cc>0)
X

Derivation: Piecewise constant extraction

+g P
Basis: Oy (L% =0

(1+5)°

Rule:If c2+a%2d? =0 A %”q;z A= (peZ V c>0),then

d\P
¢+ )
u (C + E]penArcCot[ax] dx — (—X Ju [1 + i]penAr‘cCot[ax] dx
X (1+ i)" cX

cXx

Program code:

Int[u_.*(c_+d_./x_)"*p_»E~(n_.xArcCot[a_.*Xx_]),x_Symbol] :=
(c+d/x)*p/ (1+d/ (c*x) ) *p*Int [u* (1+d/ (c*Xx) ) *p*E” (nxArcCot [a*xx]) ,Xx] /;
FreeQ[{a,c,d,n,p},x] &% EqQ[c”2+a”2%xd"2,0] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[p] || GtQ[c,0]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

4, J-x"‘ (c +dx2)pe"”‘c°t[”] dx whend==a%c A % ¢z

1. J(c +d x?)P enAreetlaxl qx when d=a’c A ps-1

e" ArcCot[a x]
1: | ———— dx whend=a%c

c+dx?

Rule: If d == a2 ¢, then

nArcCot[ax] nArcCot[a x]

e e

dx — -
c+dx? acn

Program code:

Int[E~(n_.*ArcCot[a_.*x_])/(c_+d_.*x_"2),x_Symbol] :=
-E” (nxArcCot[axx]) / (axcxn) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc]

enArcCot[ax]
2: —,; Ix when d==a%c A
(c+dx?) /

in+l

¢Z

Note: When % € Z,itis better to transform integrand into algebraic form.

Rule:If d == a2 ¢ A ”2—” ¢ 7, then

nArcCot[ax] (n - a X) e" ArcCot[ax]
—3/2 dx — -
(c+dx?) ac(n?+1) Ve+dx?
Program code:

Int[E~(n_.+*ArcCot[a_.*x_])/ (c_+d_.%x_"2)"(3/2),x_Symbol] :=
- (n-axXx) *E~ (nxArcCot [a*Xx]) / (a*C* (N*2+1) »*Sqrt[c+d*x"2]) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && Not[IntegerQ[ (Ixn-1)/2]]
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Rules for integrands involving exponentials of inverse tangents and cotangents 42

in-1
2

in

3: J(c+dx2)pe“Arcc°t[aX]dx whend=a%c A p<-1A p¢—§ An2+4 (p+1)2#0 A - (peZ A TGZ) A = (pez A

GZ)

Rule:ifd=a’c Ap<-1Ap#-2An*+4(p+1)2+0 A - (peczZ A iPez) A=~ (pezZ AL ez),then

(n+2a (p+1)x) (C+dX2)p+1 @ ArcCot[ax] 2(p+1) (2p+3)
+

J(c +dx2)penArcCot[ax] dx — - J c +dx2)p+1 enArcCot[ax] dx

ac(n*+4 (p+1)?) c(n?+4 (p+1)2?)

Program code:

Int[ (c_+d_.*x_"2)"p_=*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
- (n+2*ax (p+1) *X) * (c+d*x"2) A (p+1) *E~ (nxArcCot [axXx]) / (a*xC* (n*2+4% (p+1)~2)) +
2% (p+1) * (2xp+3) / (C* (N*2+4% (p+1)~2) ) *Int [ (c+d*x*2) ~ (p+1) *E~ (nxArcCot [a*x]),x] /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && LtQ[p,-1] && NeQ[p,-3/2] & NeQ[n"2+4x (p+1)"2,0] &&
Not [IntegerQ[p] && IntegerQ[Ixn/2]] && Not[Not[IntegerQ[p]] && IntegerQ[ (Ixn-1)/2]]

2. fx'“ (c+dx?)PenhrecetiaX) qx when d=a’c Amez A @sm=<-2 (p+1)

1. Jx (c+dx?)Penhrecetiax) gx whend=a’c A p<-1

X e" ArcCot[a x] .
1: — dx whend=a%c A ’”‘*162
(c+dx2)3/2 2

Rule:If d == a2 ¢ A % ¢ 7, then

XenAr‘cCot[ax] (1+anx) enAr‘cCot[ax]
e X T

2
(c+dx?) a’c (n?+1) Vc+dx?

Program code:

Int[x_+E~(n_.*ArcCot[a_.*x_])/(c_+d_.*x_"2)"(3/2),x_Symbol] :=
- (1+a*nxXx) *E~ (nxArcCot [a*x]) / (a”2xC* (n*2+1) *Sqrt[c+d*xx"2]) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && Not[IntegerQ[ (Ixn-1)/2]]



Rules for integrands involving exponentials of inverse tangents and cotangents

in-1
2

in

2: Jx (c+dx?)Penhrecetl2X qx when d=a’c A p<-1 A p;é—% An+4 (p+1)2#0 A - (pez A TEZ) A = (pe.z A

EZ)

Rule:ifd=a’c Ap<-2An*+4 (p+1)2#+0 A - (pezZ A iPez) A=~ (pez AL ez),then

(2(p+1) -anx) (c+dx2)p+1 @nArccot[ax] n(2p+3)
+

Jx (C +dx2)PenArcCot[ax] dx — J(c +dx2)p+1 enAr-cCot[ax] dx

a’c (n?+4 (p+1)2) ac(n*+4 (p+1)?)

Program code:

Int[x_*(c_+d_.*x_"2)"p_xE~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
(2% (p+1) —a*n*xXx) * (c+d*x"2) ~ (p+1) *E~ (nxArcCot [a*xX]) / (a”2xCx (n"2+4x (p+1)~2)) +
nx (2xp+3) / (a*Cx (N*2+4% (p+1) ~2) ) *»Int [ (c+d*x~2) ~ (p+1) *E” (nxArcCot [a*x]) ,Xx] /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && LeQ[p,-1] && NeQ[p,-3/2] & NeQ[n"2+4x (p+1)"2,0] &&
Not [IntegerQ[p] && IntegerQ[Ixn/2]] && Not[Not[IntegerQ[p]] && IntegerQ[ (Ixn-1)/2]]

2. sz (c+dx?)PenArecetiaxl qx whend==a’c A p=< -1

1: sz (c+dx?)PeArecotlaX] ax whend=a*c An*-2 (p+1) =@ ANn’+1#0

Rule:if d ==a2c A n>-2 (p+1) =0 A n?2+1 % 0,then

(n+2 (p+1) ax) (C +d XZ)P+1 @ ArcCot[ax]

JXZ (C +dx2)PenArcCot[ax] dx —s
a*cn? (n?+1)

Program code:

Int[x_"2*(c_+d_.#*x_"2)~p_.*E~(n_.*ArcCot[a_.*Xx_]),x_Symbol] :=
(N+2% (p+1) *axX) * (C+d*x*2) ~ (p+1) *E” (nxArcCot [a*xXx]) / (a”3*xC*n"2x (n"2+1)) /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && EqQ[n"2-2x (p+1),0] &% NeQ[n"2+1,0]



Rules for integrands involving exponentials of inverse tangents and cotangents

2: sz (c+dx?)PerArecetiaxl qx whend=a’c A p<-1 An>-2(p+1) #0 An+4 (p+1)2#0 A ,(

Rule: If
d=a?c Ap=<-1AnNn>-2(p+1)+#0AN>+4 (p+1)%2+0 A - (peZ A %eZ) A - (pg;z A
then
+1 _nArcCot[ax
J‘xz (c+dX2)PenAr‘CCDt[ax] dx s (n+2 (p+1) ax) (C+dx2)P @ ArcCot[ax] . nz-2 (p+1) jc+dxz)p+1enApccot[ax] dx
a’c (n?+4 (p+1)2?) a’c (n?+4 (p+1)?)

Program code:

Int[x_"2%(c_+d_.*x_"2)~p_»E~(n_.*ArcCot[a_.*x_]) ,x_Symbol]
(n+2% (p+1) *a*Xx) * (c+d*x~2) ~ (p+1) *E~ (nxArcCot [a*Xx]) / (a”3*C* (n"2+4* (p+1)~2)) +
(N"2-2% (p+1) ) / (a”2%C* (N*2+4* (p+1) ~2) ) »Int [ (c+d*x"2) ~ (p+1) *xE~ (n*ArcCot [a*X]) ,X] /;
FreeQ[{a,c,d,n},x] & EqQ[d,a"2xc] && LeQ[p,-1] && NeQ[n~2-2x (p+1),0] & NeQ[n~2+4x (p+1)~2,0] &&
Not [IntegerQ[p] && IntegerQ[Ixn/2]] && Not[Not[IntegerQ[p]] && IntegerQ[ (Ixn-1)/2]]

peZ A "‘T"ez) A—-(p¢ZA ;

in+l

in+1
2

EZ)

eZ),
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Rules for integrands involving exponentials of inverse tangents and cotangents

3: fx'" (c+dx?)PenArecetiaxl qx whend==a’c AmeZ A 3sm<-2 (p+1) Apez

Derivation: Integration by substitution

Basis:If d ==a?c AmeZ A p € Z,then

2\ P _nArcCot[ax] __ cP_ enArcCotiax] Cot[ArcCot[ax]]™2 (P+1)
X" (c+dx = - ArcCot[a X
< d > € an+t Cos [ArcCot[ax] ]2 (P+D) Ox Cot[ax]

Rule:lf d==a2c AmezZ A3<m=<-2(p+1) A peZthen

cP e"X Cot[x m+2 (p+1)
x" (c+d xz)" ehhrecotiaxl gy 5 - —— Subst[ x] dx, x, ArcCot[a x]]
am+1 Cos [X] 2 (p+1)

Program code:

Int[x_"m_.*(c_+d_.*x_"2)"p_=*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
-c*p/a” (m+1) *Subst [Int [E” (n*X) *Cot [X] " (m+2% (p+1)) /Cos [x]”" (2% (p+1)),Xx],X,ArcCot[a*xx]] /;
FreeQ[{a,c,d,n},x] && EqQ[d,a”2xc] && IntegerQ[m] && LeQ[3,m,-2(p+1l)] && IntegerQ[p]
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Rules for integrands involving exponentials of inverse tangents and cotangents

3. J-u (c+dx2)pe"“"c°t[ax] dx whend=a%c A "2—" ¢z

1: Ju (c+dx?)PenArecetlax] ax when d =a%c A iTnez APpezZ

Derivation: Algebraic simplification

Basis: If d == a*>c A p e Z,then (c +dx?)P = dP x?P (1+ )P

2X2

Rule:If d =a’c A L* ¢ Z A p e Z,then

1
2

p
ju (C +dXZ)p‘enAr‘ccot[ax] dx — dP J‘u XZP (1+ 2] enAr‘cCot[ax] dx

a® X

Program code:

Int[u_.x(c_+d_.*x_"2)"p_.*E~(n_.+*ArcCot[a_.*x_]),x_Symbol] :=
d p*xInt [uxx” (2xp) * (1+1/ (a”2xx"*2) ) *p*E” (nxArcCot [axx]) ,X] /;
FreeQ[{a,c,d,n},x] &% EqQ[d,a”2xc] && Not[IntegerQ[Ixn/2]] && IntegerQ[p]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2: Ju (c+dx?)PerArecotiaxl gx when d ==ac A "‘2—"¢Z ADPEZ

Derivation: Piecewise constant extraction
+ 2 P
Basis: If d == a2 ¢, then 6y _ledX)T g

x2P <1+azlx2 ) P

Rule:If d = a®c A L™ ¢ Z A p ¢ Z,then

2\ P _nArcCot[a (c+dx2)p 2 1 P nArcCot[a
u(c+dx®)’e ["]dlx—>—Jux”1+— e [axl gx

X2 (14 =i;)? a?x?

Program code:

Int[u_.x(c_+d_.*x_"2)"p_x»E”(n_.xArcCot[a_.x*x_]),x_Symbol] :=
(c+d*xx~2) Ap/ (X (2xp) * (1+1/ (a”2xx"2) ) *p) *Int [uxX” (2xp) * (1+1/ (a”2xx"2) ) *p*E” (nxArcCot [axX]) ,x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[d,a”2xc] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[p]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\p .
5. Ju (c + —] enAreotiax] gy when c == a?d A "2—" ¢z

d\r .
1. Ju (c+ —2] enArecotiaxl gy when ¢ ==a?d A %ez A (PEZ V c>0)
X

d\p . .
1: ju [c+—2] @nArecotiaxl gy when ¢ =a%d A "2—"ez A (PEZ V C>0) A (2p|p+"2—")ez
X

Derivation: Algebraic simplification
Basis: ArcCot[z] == 1 ArcCoth[1 z]

1 1\n/2
Basis: enArcCoth(z] __ ( *Z)

(1-2)7

N |

Basis: (1+2%)P =120 o (1-4 z)P" (144 2)P"

(1+1z)"

HP. i\p+tn i1 \P-N __ (-1+iz)P" (1+12z)P"
Basis: If p+n e z,then (1 - L)P™" (14+ 1)P7 - T

Rule:if c =a®d A LP¢Z A (peZ VvV c>0) A (2p]|p+ L) ez, then

in
2

1- "‘—)
u (C + i]penArcCot[ax] dx —s cP u [1+ 1 )P ( ax dx
x2 a2 x2

in
1+2)7
ax
ian

i\ i\
— iju [1——) (1+—] dx
ax ax
p

c? u _in Lin
— . JT (-1+iax)P7 (1+iax)?7 dx
(La)%? J x

Program code:

Int[u_.*(c_+d_./x_"2)"p_.*E~(n_.+ArcCot[a_.*x_]) ,x_Symbol] :=
crp/ (Ixa) " (2xp) *Int[u/ X" (2%p) * (-1+IxaxX)* (p-I*n/2) » (1+Ixaxx)*(p+Ixn/2),x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c,a”2xd] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p] || GtQ[c,0]) && IntegersQ[2xp,p+Ixn/2]



Rules for integrands involving exponentials of inverse tangents and cotangents

d\r . .
2. fx"' (c+—2] @nArecotiax] gy when c=a%d A ’;—"ez A (PEZ V C>0) A - (2p|p+ %) €z
X

d\r . .
1: Jx’" (c+—2] enArecotiaxl gy when c =a?d A “2—"¢Z A (PEZ V c>0) A - (2p|p+ “2—")62 AMEZ
X

Derivation: Algebraic simplification and integration by substitution

Basis: ArcCot[z] == 1 ArcCoth[1 z]

Basis: @nArcCot[z] __ (1+l>n/2
| (1-3)"
Basis: (1 +22)" i(i—;L = (1-12z)P" (1+12z)P"
. F[*
Basis:F | 1] = - #([1)]2 Ox *

Rule:if c=a?d A L ¢Z A (peZ Vc>0) A~ (2p|p+ i) €Z Amez,then

1-"1—)2_
X" (C+ iz)penArccm:[ax] dx —s cP X" [1+ 21 Z)P ( ax _ ax
X aZx i\ 2
1 i\pey i \pP-7
— cP [1 - —] (1 + —] dx
(l)'“ ax ax

in

X
(o) )
— -cP Subst[ dx, x, —]
x

m+2 X

Program code:

Int[(c_+d_./x_"2)~p_.*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
-c p*Subst [Int[ (1-Ixx/a)” (p+I*xn/2) *x (1+Ixx/a)”(p-Ixn/2) /x"2,x],x,1/x] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c,a”2xd] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p] || GtQ[c,0]) && Not[IntegerQ[2+p] && IntegerQ[p+Ixn/2]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

Int[x_"m_.=*(c_+d_./x_"2)"p_.*E”(n_.xArcCot[a_.*x_]),x_Symbol] :=

-c”pxSubst[Int[ (1-Ixx/a)” (p+Ixn/2)* (1+Ixx/a)”(p-Ixn/2) /x*(m+2),Xx],X,1/x] /;

FreeQ[{a,c,d,n,p},x] & & EqQ[c,a”2xd] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p]
IntegerQ[m]

|| GtQ[c,0]) &&% Not[IntegerQ[2xp] && IntegerQ[p+Ixn/2]] &&
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\p . .
2: Jx"‘ (c+—2] @nArecotiaxl gy when ¢ =a%d A “2—"¢Z A (PEZ V C>0) A - (2p|p+ “2—") €EZ AMEZ
X

Derivation: Algebraic simplification and integration by substitution
Basis: ArcCot[z] == 1 ArcCoth[1 z]
<1+1>n/2

Basis: " ArcCot([z] __ z
. Y,

Basis: (1+2%)P =120 o (1-4 z)P" (144 2)P"

(1+1z)"

Basis: F | 1] = _F<[:)]2 ox

Rule:if c =a’d A L*¢Z A (peZ VvV c>0) A~ (2p|p+it) ez Amez,then

l_i_)T
x" (c+ %]pe"”““[”] dx — cP [ x" [1+ 21 2)p ( ax — dx
X a%x N
X
1\m 1 i\pry i\
P [—] (1_ —) [1+ —) dx
X (l)"' ax ax

X

i in

_i_x P+—" ix P-—
— -cPx" (i]mSubst[J\(l a) : (1+ a) 2 dx, X, 1]

X xm+2

Program code:

Int[x_"m_»(c_+d_./x_"2)"p_.*E~(n_.*ArcCot[a_.*x_]),x_Symbol] :=
—cApxx*m* (1/x) “mxSubst [Int[ (1-Ixx/a)” (p+Ix*n/2) * (1+Ixx/a)”(p-Ixn/2) /x™(m+2) ,Xx],X,1/x] /;

FreeQ[{a,c,d,m,n,p},x] & & EqQ[c,a”2xd] && Not[IntegerQ[Ixn/2]] && (IntegerQ[p] || GtQ[c,0]) &&% Not[IntegerQ[2xp] && IntegerQ[p+Ixn/2]] &&

Not [IntegerQ[m]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

d\p .
2: ju [c+ —2] @nArecotiaxl gy when c =a?d A %ez A-(PEZ V C>0)
X

Derivation: Piecewise constant extraction

+4)P
Basis: If ¢ == a2 d, then Oy LQL =0

<1+§)p

Rule:if c =ad A L2 ¢ Z A - (peZ V c > 0),then

d\P
d\r (C+ x_z)
u (C + _] enArcCot[ax] dx — ———1 ju [1+
x (1+ 25"

a?x?

Program code:

Int[u_.*(c_+d_./x_"2)"p_*E~(n_.xArcCot[a_.*x_]),x_Symbol] :=
(c+d/x*2) ~p/ (1+1/ (a*2%x72) ) *p*Int [u* (1+1/ (a”2xx"2) ) *p*E~ (nxArcCot [a*X]) ,X] /;
FreeQ[{a,c,d,n,p},x] & & EqQ[c,a”2xd] && Not[IntegerQ[Ixn/2]] && Not[IntegerQ[p]

p
] enArcCot[a x] dx
a? x?

|| GtQ[c,0]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2 ju enArcCot[a+bx] dx

1: Ju @nArcCotiarbxl gy when % €z

Derivation: Algebraic simplification
Basis: If % € Z,then e"Arccotiz] —- (_1) ' @ nArcTan(z]
Rule: If £ € 7, then

ju @ ArcCot[c (a+bx) 1] dx — (-1) nz_

Program code:

Int[u_.*E~(n_xArcCot[c_.*x(a_+b_.*x_)]),x_Symbol] :=

(-1)~(I*n/2) *Int [u*E” (-n*xArcTan[c* (a+b*x)]),x] /;
FreeQ[{a,b,c},x] && IntegerQ[Ixn/2]

J-u e—n ArcTan[c (a+bx)] dx
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Rules for integrands involving exponentials of inverse tangents and cotangents

2. Ju @nArcCota+bx] gy when % ¢z

1: JenArcCot[c (a+bx)] dx when J'Lz_n ¢z

Derivation: Algebraic simplification and piecewise constant extraction

Basis: ArcCot[z] == 1 ArcCoth[1 z]

n/2 n/2
Basis: @"ArcCoth(z] __ (14 :: 22 (1+7)
N <17l)n/2 (71+Z)n/2
z
. FIx]" (1+5)"
. [x] .
Basis: Oy Tfx) %)

Rule: If 12—” ¢ 7, then

N in
in

1

ic(a+bx z_(1+, )Z_ ic(a+bx iz_"(l+, z )2_ . . in
J‘enArcCot[c(a»fbx)]d]X_) J( ( )) ic (a+bx) dx —s ( ( )) ic (a+bx) J(1+nac+nbcx)z dx

(—1+J'1c(a+bx))n7 (1+J'1ac+ibcx)n7 (—1+J'1ac+ibcx)nT

Program code:

Int[E~(n_.+ArcCot[c_.x(a_+b_.*x_)]),x_Symbol] :=
(Ixcx (a+b*x) )~ (I*n/2)* (1+1/ (Ixcx (a+b*x)) )~ (I*n/2)/ (1+Ixaxc+Ixbxcxx)” (Ixn/2) *
Int[ (1+Ixa*c+Ixbxcxx)”(I*xn/2)/ (-1+Ixaxc+Ixbxcxx)”(I*n/2),x] /;
FreeQ[{a,b,c,n},x] && Not[IntegerQ[Ixn/2]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2. J.(d +ex)m nArcCoth[c (a+bx)] dx when H ¢z

1: Jx“‘ @nArelotic @61 gy whenmez- A -1<in<1

Derivation: Algebraic simplification and integration by substitution
Basis: ArcCot[z] == 1 ArcCoth[1 z]

1\n/2
Basis: @nArcCoth(z] __ <1+z)

2
13)”

Basis:If mez A -1 <1n<1,then

in 2.\ m in in
1 N5 in i -1 in 1 N\ 1 N5

Xm (1+jc(a+bx)> : L SUbSt X (1+1ac+<1 ]laC) X ) X <1+Jic(a-bx)) : @ <1+jc(a+bx)) :
1 in 7T ogmp bm+1 cmel 2\ M2 ) ) 1 in X 1 in

<17]‘1C (a+b x) ) : —1+Xin <17]‘1C (a+b x) ) : <17jc (a+b x) ) :

Note: There should be an algebraic substitution rule that makes this rule redundant.

Rule:lf mez A -1<1n<1,then

in

2
J XM @nArcCotlc (a+bx)1 gy _, XM ic (a+bx) ) dx

in

)T
ic (a+bx)

2 \m+2 in

1+x”) (1_ 1 )T

ic (a+bx)

m in

1+nac+(1 :I].aC)Xnn) (1+_ 2 )2

- Subst[ dx. x, ~—tc@bx ]
am nbm+1 m+1 >

Program code:

Int[x_~m_=%E~ (n_xArcCoth[c_.*(a_+b_.*x_)]),x_Symbol] :=
4/ (I”mxn*xb” (m+1) xc™ (Mm+1) ) =
Subst [Int [x” (2/ (I*n)) * (1+Ixa%c+ (L-Ixaxc) X~ (2/ (Ixn)) ) m/ (-1+x~ (2/ (Ixn)) )~ (m+2) ,X],X,
(1+1/ (Ixc* (a+b%x)) )~ (Ixn/2) / (1-1/ (Ixc* (a+bxx)))~ (I*n/2)] /;
FreeQ[{a,b,c},x] && ILtQ[m,0] && LtQ[-1,Ixn,1]
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Rules for integrands involving exponentials of inverse tangents and cotangents

2: J-(d + @ Xx)"enArecotic (a+bx)1 g% when “2—" ¢z

Derivation: Algebraic simplification and piecewise constant extraction

Basis: ArcCot[z] == 1 ArcCoth[1 z]

1\n/2 n/2 1\n/2
ie. ANArcCoth[z] __ (1+5) 22 (1)
Basis: e Ty T g
. FIx]m (1+2-)"
Basis: Oy 1" | +}“”> =0

(1+F[x])"

Rule: If % ¢ Z,then

in

(ic(a+bx))nz_(1+“(:+bx))z_
(d + e x)"enArecotic @b gy _, | (dsex)™ dx

(-1+1c (a+bx))ﬁT“

n 1 in

(ic(a+bx)) T (1+- B ledacsibex) s
— (2 aw) J(d+ex)'"( 7 ax

in

(-l+iac+ibecx) ™

in

(l+iac+ibcx)?

Program code:

Int[(d_.+e_.*x_)"m_.*E~(n_.*ArcCoth[c_.*(a_+b_.*x_)]1),x_Symbol] :=
(Ixcx (a+b*x) )~ (Ixn/2) % (1+1/ (Ixc* (a+bxx)) )" (I*n/2)/ (1+Ixaxc+Ixbxcxx)” (Ixn/2) %
Int[ (d+exx) “m% (1+Ixaxc+Ixbxcxx)” (Ix*n/2)/ (-1+Ixa*xc+Ixbxcxx)” (Ixn/2),x] /;
FreeQ[{a,b,c,d,e,m,n},x] & & Not[IntegerQ[Ixn/2]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

3. J.u (c+dx+ex2)pe"’“‘°c°t[a*bx] dx when ’;—"ez Abd=2ae Ab’c-e (1+a%) =0

1: Ju (c+dx+ex?)Penrecotia®x] gx when ’;—"ez Abd=2aeAb’c-e(1+a%) =0 A (pez VvV [ 5>0)

Derivation: Algebraic simplification and piecewise constant extraction

Basis:If bd ==2ae A b’c-e (1+a?) =0,thenc+dx+ex*= = (1+ (a+bx)2)

Basis: ArcCot[z] == 1 ArcCoth[1 z]

1\n/2 n/2 1\n/2
ie. ~NArcCoth[z] __ (1+3) 2 (143)
Basis: e Ty T
o fDan (e )"
Basis: Oy G %)
fee A-fxpH" o
Basis: Oy WIS

Basis: (1+22)° = (1-iz)P (1+1i2)P

n 1\n
Basis: - = (%) (1)

Rule:lf L2 ¢z Abd=2aenb’c-e(1+a*) =0 A (pezV 5 >0),then

in

c e (ia+ibx)¥(1+.al.bx)2_
u (c+dx+ex2)pe"""°c°t[a*b"] dx — ( ) u(1+(@a+bx)?)P e dx

2 in
l1+a (-l+ia+ibx)z

in

c p(ia+ibx)¥ 1+i+§‘1x2_ 1_'3_'bxiz_n l1+da 'inT"
— ( ) ( 2:4b ) ( = - ) u(1+(a+bx)2)p( rars )

- dx
in

1+a? . . i . . B , , in
(1+ia+ibx)> (-1+ia+ibx)> (1-ia-1bx)>

C P fia+ibx \> (l+dia+ibx)|5 (1—ia-ibx)¥ _in Lin
— ( ) [ ) ( ) - -J.u (l-ia-i1bx)P7 (1+da+abx)P"2 dx
(-1+ia+1ibx)7z

1+ a? l+ia+1bx ia+ibx

Program code:
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Rules for integrands involving exponentials of inverse tangents and cotangents

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E~(n_.*ArcCot[a_+b_.*x_]),x_Symbol] :=
(c/ (1+a”2) ) *px ( (Ixa+Ixbxx) / (1+Ixa+Ixbxx) )"~ (Ixn/2) % ((1+Ixa+Ixbxx) / (Ixa+Ixbxx) )" (Ixn/2)*
((1-I*xa-Ixbxx)”~(I*n/2)/ (-1+Ixa+Ixbxx)" (Ixn/2)) *
Int[u*x (1-Ixa-Ixbxx)”~ (p-I*n/2) % (1+Ixa+Ixbxx)”" (p+I*n/2),x] /;
FreeQ[{a,b,c,d,e,n,p},x] & Not[IntegerQ[Ixn/2]] && EqQ[bxd-2xaxe,0] && EqQ[b”2xc-e(1+a"2),0] && (IntegerQ[p] || GtQ[c/ (1+a”"2),0])

2: Ju (c+dx+ex?)PerArecotia®x] gx when ’:—"ez Abd=2ae Ab’c-e(1+a’)=0 A~ (pez Vv 1:2 >0)

Derivation: Piecewise constant extraction

+ + 2)P
Basis:If bd ==2ae A b?c-e (1+a?) ==0,thendy [c+dx+ex) -

(1+a2+2 a b x+b? Xz) P

Rule:If L2 ¢z Abd=2ae Ab’c-e(1+a’) =0 A - (pezV 5 >0),then

(c+dx+ex2)p

ju (C +dx+ex2)PenAr‘cCot[a+bx] dx — ju (1+a2 +2abx+ b2 XZ)PenAr‘cCot[a+bx] dx

(1+a2+2abx+bzxz)p

Program code:

Int[u_.*(c_+d_.*x_+e_.*x_"2)~p_.*E~(n_.xArcCot[a_+b_.*x_]),x_Symbol] :=
(c+dxx+exx"2) *p/ (1+a*2+2xaxbxx+b*2xx"2) "p*xInt [ux (1+a”2+2*a*xbxx+b"2xx"2) *p*E” (nxArcCot [a*X]) ,X] /;
FreeQ[{a,b,c,d,e,n,p},x] && Not[IntegerQ[Ixn/2]] && EqQ[bxd-2xaxe,0] && EqQ[b”"2xc-e(1+a”2),0] && Not[IntegerQ[p] || GtQ[c/ (1+a”"2),0]]
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Rules for integrands involving exponentials of inverse tangents and cotangents

3. J‘u@nArcCOt[afT] dx

Derivation: Algebraic simplification
Basis: ArcCot [z] == ArcTan| 2]

Rule:

Ju enAr‘cCot[afT] dx —s J.u enAr‘cTan[:—+bc—x] dx

Program code:

Int[u_.*E*(n_.*ArcCot[c_./(a_.+b_.*x_)]),x_Symbol] :=
Int[uxE” (nxArcTan[a/c+bxx/c]) ,x] /;
FreeQ[{a,b,c,n},Xx]
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